We propose a scheme for the quantum simulation of sub-Ohmic spin-boson models by color centers in freestanding hexagonal boron nitride (h-BN) membranes. The electronic spin of a color center that couples to the membrane vibrational spectrum constitute the physical model. The spin-motion coupling is provided by an external magnetic field gradient. In this study, we show that a class of spectral densities can be attained by engineering geometry and boundary conditions of the h-BN resonator. We then put our focus on two extreme cases, i.e. 1/ f -and white-noise spectral densities. Spin coherence and polarization dynamics are studied. Our calculations show coherence revivals at periods set by the bath characteristic frequency signaling the non-Markovian nature of the baths. The nonequilibrium dynamics of the spin polarization exhibits a coherent localization, a property peculiar to the quantum phase transition in extremely sub-Ohmic spin-boson models. Our scheme may find application in understanding sources of decoherence in solid-state quantum bits.
The dynamics of a two-level system interacting with a bath of bosonic modes, the so-called spin-boson model, has been used for a long time to explain the observed decoherence of qubits [1, 2] . The model was first proposed to explain the decoherence of electronic states in molecular systems, however, nowadays is used to estimate the decoherence in almost every quantum system. In the general case, the model is not analytically solvable and its full understanding demands either numerical methods and where these are not efficient a quantum simulation [3] . Retrieval of the macroscopic nature of a reservoir in such simulators necessitates involvement of a large number of boson modes. It also should have the versatility of handling various coupling forms and strengths as well as spectral densities J (ν)-the function that encodes information about the bath and fully determines the dynamics in the case of thermal initial state. Among the important noise spectra are J (ν) ∝ ν s , e.g. 1/ f -noise (s = −1) [4, 5] , white-noise (s = 0) [6] , and Ohmic (s = +1) spectral densities from which the last one and its varieties, i.e. sub-and super-Ohmic cases, has been broadly studied in the literature [7] [8] [9] . Nonetheless, despite their crucial importance in decoherence of solid-state qubits the quantum analysis of the 1/ f -and white-noise is rather overlooked, with the exception of Refs. [4, 10] . In particular, quantum dynamics of a system with 1/ f -noise cannot be simulated efficiently by the developed full quantum mechanical techniques [11] [12] [13] [14] and a direct quantum simulation must be invoked. Moreover, the occurrence of quantum phase transition in the sub-Ohmic regime and its correspondence to the classical phase transition make these two cases even more interesting from the physics perspective [15] [16] [17] [18] .
The spin-boson model quantum simulation schemes have been proposed and partly realized in ion-traps and superconducting circuits [19] [20] [21] . In ion-trap proposals either a chain of trapped ions is used to simulate the model [19] or more advanced techniques are employed to perform the simulation by a handful of ions [20] . In any case, the number of available oscillators is restricted and this limits the spectral densities that can be decomposed. The problem persists in superconducting circuit schemes owing to the finite number of available cavity modes upper bounded by superconducting energy gap. Moreover, the Josephson qubits in such setups are naturally subject to the 1/ f -and white-noise [4, 10] and thus are not appropriate for the quantum simulation of these noise spectra.
To circumvent these limitations, here we propose a versatile setup based on color centers in hexagonal boron nitride (h-BN) membranes [22, 23] . The spin-boson model is realized by coupling the electronic spin of a color center to vibrations of a free-standing h-BN membrane [24] . The scheme offers controllable coupling strength between the two-levelsystem and the bath covering spectral densities of J (ν) ∝ ν s with −1 ≤ s ≤ 0. In this paper we thoroughly investigate the s = −1 and s = 0 cases. Non-Markovian nature of the studied noise spectra is revealed by observation of collapse and revivals in the spin coherence-off-diagonal elements of the spin density matrix. Unlike setups proposed before, the number of interacting modes in our scheme is far beyond the mesoscopic scale and thus the limitations therein are avoided. The fundamental mode, the mode with lowest frequency, of the membrane places a cutoff frequency from below, which dominantly sets the period of bath memory revivals. Such revivals signal the non-Markovian nature of the bath that is then quantified by the measure introduced in Refs. [25] [26] [27] . The nonequilibrium dynamics of the spin polarization reveals that both bath spectral densities force the spin into a coherent localization, a feature of extremely sub-Ohmic spin-boson models [28] . Our investigation on the polarization localization then verifies occurrence of a quantum phase transition consistent with universality of the sub-Ohmic spectral densities [17] .
Model.-The system is composed of a free-standing h-BN membrane with an embedded color center. Some species of the h-BN color centers exhibit a spin doublet electronic ground state [23] . When immersed in a magnetic field gradient perpendicular to the plane, the spin degree of freedom couples to the position degree of freedom of the membrane. The Hamiltonian of such system is [24, 29] H =Ĥ m +Ĥ q + g e µ B ησ zX , quency Ω with frequency detuning ∆ expressed in terms of Pauli matrices.Ĥ m is the mechanical Hamiltonian,X denotes deviation of the membrane from its equilibrium position, and η is the magnetic field gradient. Finally, µ B and g e are the electron Bohr magneton and g-factor, respectively. In terms of normal mechanical modes, the spin interacts with a set of vibrational modes that undergo harmonic oscillations. Hence, the system exhibits a 'natural' spin-boson model [30] . The fundamental mode in the mechanical spectrum is defined as the mode with lowest frequency ω 0 ≤ {ω i }, while the mode with highest frequency ω N is set by the vibrational wavelength, which in turn is lower-bounded by the lattice constant. These two extreme frequencies are engineered by the geometry and boundary conditions of the membrane. We expand the displacement operator in normal modes of the membranê
kb k and the interaction:
Here, the bosonic annihilation (creation) operatorb k (b † k ) is assigned to the mechanical normal mode whose frequency is ω k . These modes are also subject to a damping with the rate γ k . In our analysis we assume all of the modes having the same quality factor Q and thus γ k = ω k /Q. Degenerate modes can be easily distinguished by one extra index. Nonetheless, without loss of generality we restrict ourselves to the non-degenerate systems. The coupling strength of each mode to the spin-qubit is given by g k ≡ g e µ B ηx k zp with the zero-point fluctuation amplitude of kth mode
Here, ψ k (r) and r 0 are profile of the mechanical mode and position of the defect, respectively. With membrane mass density µ the effective mass of each mode is m * k = µ d 2 rψ k (r) 2 . The mode profiles are normalized such that max[ψ k (r)] = 1. The spectral density of bath is then given by
Here, L k (ν) is a Lorentzian function referring to the spectrum of the kth mechanical mode.
Scheme.-In this work, we study a circular geometry: A h-BN membrane of radius R and thickness h with the defect at the center of membrane. In this case, the spin only couples to the axisymmetric modes. The theory, however, applies to arbitrary membrane shapes and defect positions. By tuning boundary conditions of the membrane, spectral densities of J (ν) ∝ ν s with −1 ≤ s ≤ 0 can be engineered. This indeed can essentially be done by tuning the applied homogenous tensile strain to the boundaries (see supplemental information for detailed analysis [31] ). The strain engineering has already proven to be successful in SiN membrane mechanical resonators [32] , a method that may be applicable to the h-BN materials as well. In Fig. 1 variations of the exponent s with the strain ε is plotted. The focus in this work is put on two extremes, namely s = −1, which is attained for a softly clamped membrane ε ≈ 0 and s = 0 that can be obtained for a dominant tensile force at the boundaries ε (h/R) 2 . The maximum number of modes involved in the spin dynamics is imposed by the lattice constant a as N = R/a where x yields the integer part of x. For instance, a R = 150 nm h-BN membrane provides N ≈ 1000 modes, which is in the macroscopic realm.
The normal mechanical modes of a softly clamped circular membrane have frequencies ω k = (α k /R) 2 Eh 3 /12µ(1 − σ 2 ) with elasticity modulus E and Poisson ratio σ . Here, α k s are solutions to the equation [33] . These result-in a 1/ f -noise spectral density J (ν) ∝ ν −1 for operating frequencies much higher than the low-frequency cutoff, the fundamental mode frequency ω 0 , as shown in Fig. 1 . We will refer to this as case-I. Instead, when the circular membrane is under homogenous dominant tensile strain around its circumference the mode profiles take the simple form of ψ k (r) = J 0 (β k r R ), where β k s are zeros of the Bessel function of the first kind J 0 (β k ) = 0 [33] . The frequency spectrum in this case is ω k = (β k /R) Ehε/µ, while the coupling rate for all of the modes is equal to that of the fundamental mode g k = g 0 . Hence, a white-noise spectral density is attained J (ν) ∝ ν 0 (shall be referred to as case-II). In comparison with the standard form of the spectral function J (ν) = 2παν 1−s c ν s we find that 2παν 1−s c = g 2 0 in both cases, where the cut-off frequency is given by ν c ω N , set by the maximum possible nodes in the membrane. We find that ω 1000 /ω 0 is about ∼10 6 and ∼ 10 3 for case-I and II, respectively [ Fig. 1] .
Pure dephasing.-Let us first consider the pure dephasing case, which is exactly solvable for the bilinear model realized here. We thus assume that Ω = 0 and an initially separable qubit-bath state. The off-diagonal elements of the spin density matrix ρ at every instance of time are then found to evolve as i|ρ(t)| j = j|ρ(t)|i = i|ρ(0)| j e Γ(t) with
for a thermal bosonic bath at temperature T , while k B is the Boltzmann constant [30, 31] . In Fig. 2(a) and (b) we plot the time evolution of the spin coherence, σ x (t) , for the two cases explained above at zero temperature. The most interesting features are the coherence revivals visible in both cases. The revivals occur around full period of the fundamental mode t 2kπ/ω 0 with (k = 1, 2, · · · ) and live longer for case-I. This traces back to the fact that the most pronounced peak in both spectral density occurs at ω 0 and that the frequency spacing of the modes is proportional to ω 0 : δ k ≡ ω k − ω k−1 ∼ = 2kω 0 and δ k ∼ = ω 0 in case-I and -II, respectively. This behavior survives even at finite temperatures [31] . Such revivals are a clear signature of bath non-Markovianity, the property we study next.
To quantify non-Markovian behavior of the qubit state evolving under interaction with the bosonic bath we use the measure introduced in Ref. [25] . For the pure dephasing case this measure of non-Markovianity assumes a simple form, which is given by
where G(t) ≡ e Γ(t) is the function of coherence envelope, and t i k and t f k respectively denote initial and final points of the kth discretized time interval. The prime on the sum denotes its extension only over the time intervals in which G(t) is ascending. The above quantity is computed as a function of coupling rate and temperature and plotted in Fig. 2 . At low temperatures both cases present a Markovian behavior N = 1 only if the coupling rate g 0 assumes intermediate values 0.1 g 0 /ω 0 1. This proves that in the weak coupling regime (g 0 ω 0 ) the Born-Markov approximation holds for both cases even at low temperatures. However, there is a threshold bath temperature, dependent on the coupling rate, that the system turns into a Markovian bath [ Fig. 2(a) ]. Moreover, for any coupling rate and temperature values a 1/ f -noise bath exhibits a higher non-Markovianity than a white-noise bath.
Relaxation.-Now we study a different regime where in the qubit Hamiltonian Eq. (1b) ∆ = 0 and Ω = 0. This problem might be analytically solvable even though the interaction and qubit Hamiltonians do not commute [34] . However, the tedious calculations turns one to the approximate and numerical methods. The Born-Markov approximation that are typically used, rely on the weak coupling and memory-less bath assumptions, which are neither general nor reveal the nonMarkovian root of the models studied here. Instead, numerically approximate methods, e.g. non-interacting blip approximation (NIBA) or Ehrenfest (mean-field) method are basically operational [35, 36] . The former is proven reliable for fast baths (ν c Ω), while the latter explains well a bath in adiabatic limit (ν c Ω). To tackle the problem, we employ a hybrid Ehrenfest-NIBA method introduced in Ref. [37] . In this method dynamics of the low frequency bath modes (with respect to a characteristic frequency which is expected to be around Ω) and the spin back-action is dealt with the Ehrenfest method and the effect of high frequency modes is taken into account by NIBA (see the supplemental material for the details [31] ). This technique has proven to be reliable for adiabatic, diabatic, and the intermediate limits [37] .
The results are presented in Fig. 3(a) and (b) where we plot the spin polarization dynamics for case-I and -II at zero and finite temperatures when Ω = 0.1ω N . Obviously, the macroscopicity of our scheme precludes appearance of nonMarkovian effects like polarization revivals that are visible for a mesoscopic chain of trapped ions even at short-time dynamics [19, 20] . The reason is twofold; first since Ω ω 0 , {δ k } (and still Ω ν c ) the revivals will only be expectable at very long-time dynamics. Second, the overlap of the finite width Lorentzian functions L k (ν) flattens the spectral density at such high frequencies (Ω ω 0 ) and washes out any signature of the bath discreteness and finite dimensionality [see Fig. 1(c) ]. The spin polarization get localized for sufficiently large coupling rates in both cases. As expected from extremely subOhmic spectral densities there is no incoherent decay in either case at zero temperature. Such coherent localizations are exclusive to the strongly sub-Ohmic baths where s 1 and is believed to be due to the presence of a nontrivial quantum phase transition [15, 28] . At finite temperatures this behavior dramatically changes for the 1/ f -noise where the bath forces the spin into an incoherent localization despite some shoulder-like oscillations at small coupling rates, see Fig. 3(a) . In contrast, a thermal white-noise bath does not demolish this coherent behavior.
The spin-polarization dynamics exhibit both delocalized and localized phases. Localization of the magnetization M ≡ σ z (t → ∞) , as an order parameter, confirms the quantum phase transition in our setup. Since the power exponent of the spectral densities considered here are below zero one would expect to have the quantum critical point at zero coupling rate, and thus, only the localized phase. However, the system imposes a lower cutoff frequency in our scheme and this guarantees existence of the delocalized phase. Therefore, the transition happens at a finite coupling rate g c . We identify the quantum critical point by inspecting the ground state energy E G (g 0 ) that has been computed by the generalized multipolaron expansion [38] . The ground state energy of the system is a continuous function of g 0 in both cases and manifests a discontinuity only in its second derivative at the critical point
. For case-II we find g c ≈ 0.00242ω N while for case-I the task is not trivial and a rough estimation reveals that the critical point is around g c 0.05ω N . A thorough study of the quantum phase transition and its signatures will be studied elsewhere. Specifically, the quantum phase transition of the 1/ f -noise system is complicated and requires a careful analysis. Nevertheless, in Figs a spin coupled to the bath with white-noise spectral density follows the universal quantum critical behavior. That is, the magnetization grows linearly with distance from the critical point M ∝ [(g 0 − g c )/g c ] 1 . Since g 2 0 ∝ α our finding is consistent with the critical behavior of sub-Ohmic spin-boson models studied before where the critical scaling exponent for the magnetization is found to be 1 2 , i.e. M 2 ∝ (α − α c )/α c [17] . Outlook and summary.-In this work we proposed a scheme based on h-BN membranes for quantum simulation of a spin interacting with a bath of harmonic oscillators, the spin-boson model. The scheme allows for quantum simulation of baths with spectral densities J (ν) ∝ ν s with −1 ≤ s ≤ 0. We have studied two specific cases for a circular membrane: softly clamped (s = −1) and highly strained at the edge (s = 0) and showed that dynamics of these systems provides interesting features. In particular, the collapse and revivals in the spin coherence at time periods set by the bosonic bath fundamental frequency. Also, coherent localization of the spin polarization, which is characteristic of strongly sub-Ohmic spin-boson models. We also confirmed universal behavior of the magnetization for the system with white-noise spectral density. The scheme can be generalized to other geometries and boundary conditions for the membrane. For example, having the edges of a square membrane in two different boundary conditions will result-in local variations in the spectral density. Hence, electronic spin of defects in different positions will be subject to different decoherence schemes. When brought into interaction with each other the entanglement of two spins is anticipated to show interesting dynamics [39, 40] . Furthermore, close to the fundamental mode frequency ω 0 the engineered spectral density function assumes a structured shape formed by addition of Lorentzians [see Fig. 1 ]. For a non-driven spinboson system, ∆ = 0 in Eq. (1) , that the spin-polarization dynamics depends on the oscillation frequency Ω the system can be tuned such that Ω ∼ ω 0 , and thus, the scheme may become applicable to complex systems with structured noise spectra that specially appear in biomolecular systems [41] .
